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Abstract

By means of the jet-bundle formalism, the Second Noether Theorem is formulated for a general
first-order Lagrangian field theory with infinitesimal local symmetries. These symmetries are im-
plemented by a linear differential operator acting between the sections of a vector bundle and vector
fields on the configuration bundle. The problem of the degeneration of the Lagrangian system is
examined from a covariant and an instantaneous (i.e. space+time split) viewpoint. It is shown that
in the instantaneous approach the presence of infinitesimal local symmetries leads to degenera-
tion of the theory. Vertical local symmetries are shown to imply degeneration also in the covariant
formalism. These results can be extended to higher-order Lagrangians as well.
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1. Introduction

In classical Field Theories with gauge invariance, the Second Noether Theorem is the main
tool to show non-regularity of the theory and to give conditions on constructing Lagrangians
which possess a given gauge symmetry [28,17]. The term “gauge invariance”, however, is
rather ambiguous, because it has been extended from the electromagnetic and Yang-Mills
theories to the general case of field theories — e.g. General Relativity, String Theory —
exhibiting symmetries depending on arbitrary functions on the space—time manifold and on
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their derivatives up to some finite order. For this reason in our paper we will adopt instead
the expression “local symmetry”.

Attempts to give a general definition of local symmetry and a formulation of the Second
Noether Theorem can be found in [16], and with a more intrinsic setting in [3].

Here we assume that the fields of the theory are sections of a general fiber bundle
(E, m, M) on a space-time manifold M, and Lagrangians are defined on a jet bundle of
sections. In this we were inspired by [9], where a formulation of the calculus of variations,
a general notion of symmetry and a version of the Noether Theorem are given. In this work,
a symmetry of a Lagrangian system is formulated as a wide concept conceming the invari-
ance of the action functional under transformations of the space of sections upon which this
functional is defined.

We focus our attention on first-order Lagrangians; in the last section we will give an
account of the generalization to the higher-order case of the results of the preceding sections.
In order to formulate the Noether Theorem we will adopt here the same attitude as in [30] (see
also [29] for a definition of symmetry and the Noether Theorem for higher-order Lagrangian
systems) and we will consider only those symmetries represented by automorphisms of the
fiber bundle (E, 7, M); hence, infinitesimal symmetries are represented by vector fields on
E projectable on M. About the notion of local symmetries, we confine our discussion to
infinitesimal local symmetries.

We assume that the infinite parameters of the symmetries are sections of a vector bundle
(A, p, M) and a differential operator P along m is given which transforms these sections
into projectable vector fields on E; these fields are taken to be symmetries of the Lagrangian
system. These assumptions are justified, since in many cases the gauge transformation group
admits the structure of an infinite-dimensional Lie group, and its Lie algebra consists of
sections of a suitable bundle (see e.g. [5] for a review on this topic). These observations
were our starting point for the development of such a formalism. However, as a first approx-
imation, we disregard the “Lie-algebraic” aspects of the space of sections of (A, p, M) and
the properties which the operator P must satisfy in this respect. We believe that this point
of view may prove to be valuable not only with respect to the question of degeneration, to
which we focus our attention, but also for the effective construction of the momentum map
associated with the action of a gauge group, even if for this subject, the algebraic aspects
are of crucial importance. In this context, we propose this work as a first step along the
determination of the geometric aspects of a gauge system.

In Section 3 we recall the notion of symmetry of a Lagrangian system and the First Noether
Theorem. In the case of Lagrangians with infinitesimal local symmetries, the generalized
Bianchi identities are given by means of a suitable non-linear operator D (Section 4). Then
we come to the problem of non-regularity of the Lagrangian function possessing a local
symmetry.

There are different notions of regularity, depending on which Hamiltonian formulation is
assumed. Several covariant Hamiltonian formulations of a general Lagrangian field theory
were proposed: we quote to the interested reader the extensive introduction in [10]; this work
also gives an exhaustive list of references, and an exposition of the multisymplectic structure,
which seems to us to be the most natural between the possible covariant Hamiltonianizations
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of field theories. We will not deal directly with it since we will only consider the Lagrangian
aspects.

Anyway - at least in the case of first-order field theories — the starting point for a covariant
Hamiltonian formulation is the De Donder—Cartan equation, and regularity means, at the
very end, the equivalence between the Euler-Lagrange and the De Donder—Cartan equations,
as it is discussed e.g. in [9].

In the “space+time split” approach to an Hamiltonian formulation perhaps — the most
usual in the common practice — the starting point is the construction of an infinite-dimen-
sional manifold Q and of an instantaneous Lagrangian function on its tangent bundle T Q;
therefore one treats field theories in a way that resembles point-particle theories. Even
in this case one can give a notion of regularity without any reference to the underlying
Hamiltonian formalism, by saying that the Lagrangian system is regular if the Lagrange
two-form appearing in the equations of motion (5.3) is non-degenerate (i.e. it is a symplectic
form on T Q).

In Section 5 we perform a naive splitting of space-time inducing a splitting on the jet
bundle of sections of (E, 7, M), and we construct the manifold of initial data which, adding
some hypotheses, can be identified with a tangent manifold. We define here the instantaneous
Lagrangian, the energy function and the Lagrange two-form as in [ 1 1]. Maybe a more refined
treatment can be given, and the splitting of the jet bundle might be realized in more generality
(perhaps by means of a connection on E), but leading to analogous results with respect to
the degeneration.

As a consequence of the Second Noether Theorem, simply considering that the symbol of
the differential operator D must vanish identically, we prove non-regularity of a Lagrangian
with an infinitesimal local symmetry in the space+time split approach: it is an expected
result, at least in field theory for Lagrangians on flat space—time or, more trivially, in a local
frame of reference.

In Section 6 we are able to prove the non-regularity of the covariant Hamiltonian for-
malism for Lagrangians with a vertical local symmetry. We observe that this is the case
for the Yang—Mills-type Lagrangians, i.e. one of the most relevant examples of gauge the-
ory, which are degenerate both in the covariant and in the instantaneous formalism. This
double degeneration, however, is not characteristic of this kind of Lagrangians: we show
the example of a Lagrangian with a gauge-fixing term, and we give arguments showing the
impossibility of defining vertical local symmetries for it.

In Section 7 we give a brief account on the generalization to the higher-order Lagrangians
of the interplay between symmetries and degeneration. Even if in this case there is no
uniquely defined Cartan form, it is shown that a local symmetry implies degeneration in the
instantaneous formalism, and a vertical local symmetry implies degneration of the covariant
Legendre transformations associated to the Poincaré—Cartan forms.

Future developments might involve the Lie-algebraic aspects of these local symmetries,
relevant for the construction of the momentum map, which in turn appears to be an impor-
tant tool in understanding the BRST formalism and constraints generated by a gauge group.
Moreover, it might be very interesting to develop a “covariant constraint theory” and a covari-
ant algorithm @ la Dirac. The main point here would be the link between local symmetries
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and constraints, compared with the similar relation existing between gauge invariance and
first-class constraints in the instantaneous formalism. Other developments might involve
the extension of the concept of symmetry. In this respect, some extensions of the Second
Noether Theorem have been proposed in particle mechanics: see e.g. [19,20]. It might be
interesting to analyze how one should enlarge the concept of symmetry so as to produce
similar extensions in the instantaneous formalism.

2. Notations

Let (E, m, M) be a (general) fiber bundle, where E and M are Hausdorff and paracompact
finite-dimensional smooth manifolds. M will also be assumed to be orientable. We will
sometimes use the shorthand notation E 4 instead of (E, r, M). By (T M, ty, M) we will
denote the tangent bundle and by V E the vertical bundle of E, i.e. the kernel of the tangent
projection Tx. If E is the total space of different bundles, we will use e.g. the notation
V E m, to avoid confusion. The space of smooth sections of (E, &, M) will be denoted by
r(m)or I'(Ey).

The key objects in the present paper are the jet-bundles over E and their geometry, for
which the main reference, here and along all the work, is [25]. We will let (J k mx, M) be
the fiber bundle of the k-jets of sections of (E, 7, M), where JO=E and n° = x; J will
stand for J!. We denote by 71, (for k > 1), the natural projection J k_—» J!. We will also
denote by j*s the jet-prolongation of the section s, and j*s itself will be called a holonomic
section of J*. Local coordinates on M will be denoted by x*, u =0, ..., m, the fibered
coordinates on E by (x*, y*), witha = 1, ..., r, and finally those on J* by (x*, y°, y),
where N is a multi-index of length at most k: |[N| < k.

It is well known that (J ket J k) is structured as an affine fiber bundle, and that
its associated vector bundle is VE ® ;« \/k T*M. This is a shorthand notation for the
tensor product of the vector bundles 'V E and m} \/X T*M. Then, specializing to the
case k = 0, VJg can be shown to be diffeomorphic to VE ®,; T*M in a natural way
by means of amapi : VE ®; T*M — V Jg (see [30]), which is locally given by
i:3/3y" ®dx" —> 3/3yy,.

Regarding (J ko, M ) as a general fiber bundle, we have the well known exact sequence
0— VJ 1’{, — TJF — g TM —> 0 and by pullback the following one in which the
space 7; and V are also defined:

0 — Vi = (miar, 0 (VIh ) — T = (.00 (TI4) — mf (7).

This sequence does possess a canonical splitting. One can indeed define the following
injective vector-bundle morphism called the holonomic lift:

T (TM) — Tey Ao, w) = (eksr, Tej*s@)),

where s € exy1 € Jland x = Tr+1(ex+1) = tar(u). Defining Hy = Im(A;) one has
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the canonical decomposition 7z = H; @ Vi. The space I (’]7( ,m) of sections of 7; turns
out to be a C* (J¥*1)-module.

A local basis for I" (Tx j+1) is given by /3x*, 3/3y%, ..., 8/dy%, IN| < k.

The sections of the sub-bundle H ;«+1 are called total derivatives; a local basis is given

by
d
('dx_u)s l‘L:Ov"-vmv
where
d d
2=t o g
dx# dx INT=k *ayg

and the sum N + pisdefinedby N+ = (no,...,nu+1,...,n,).

The vector bundle T,* = (rrk+1,k)* T*J* is the dual vector bundle of 7; and has the
analogous splitting 7,* = H; @ V;.

Clearly, one can consider the bundle 7,* naturally included into 7*J k+1 defining
(es1. 0 (X) = a(er) (Tepy, Ter1,£(X)), VX € Topy, 1 V(exsr, @) € T, where e =
Te+1,k(€k+1)-

With a construction which parallels the one on the tangent bundle of a manifold, one can
define the vector bundles

p p
/\7;* = (rrk+1,k)*/\T*J", /\7}* = (ﬂk+1,k)*/\T*Jk-

The decomposition 7,* = H; @& V; induces the analogous one A 7> = AH; @ AV}
(where it is meant that each fiber ( NI )em is the tensor product of the two graded algebras

A (H;)ek_H and A (Vz)ek+])'

We will use the symbol & for the C* (J**1)-module of sections of A 7;*. Let ® (4 be
the space of sections of A7 7;* and @, %) be the space of sections of A" Hi*® je+1 A° Vi*;
then®y(g) = 3,45 PV and @ = 3, Prgy = X, ®"". Asalocal basis for the
1-forms on 7T;, adapted to the decomposition into “horizontal + vertical” spaces one can
take

{ax) . m U [dorl =y - ﬁwdx“]wlfk-

As for the terminology, one will say that the elements of ¢,§"s) are r-times horizontal
and s-times vertical (or contact) forms. We stress the fact that, as usual for pull-back bun-
dles, elements of ®."* can be considered as maps J**! — A" T*M ® jer1 \* T*JK.
Moreover, from the canonical inclusion 7, C T*J k+1 gne can think of & as included in
A (J*+1), the algebra of forms on J¥+!.

We recall the definitions of the horizontal and the vertical differential dy, , dy, : A (J¥) —
A (J*+1) given by the following relations: for f € C>®(J¥),

df df _ of af
dy, f = ——dx*, where — = — + Z W)’%ﬂ;

© © u
dx dx dax Nk
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is the total derivative and

3
dy f= Z —a-iadvyff/, dp, dx* = dy,dx* =0,
INT<k PIN

dn, dyy = dx* Adyy . dy dyy = dyy,, Adx".
Actually, these are the actions of the objects just defined:

dhk . ¢’£r,s) s ¢(r+l,s)

.o p(rs) (r,s+1)
eal dy, : 0, — &

k+1

(for an intrinsic definition of ds, and d,, see [25]).

Important properties satisfied by the vertical and horizontal differentials are d,, + ds, =
(mk+1,6)" 4, dugyy - duy = iy, - iy = dyyy, - dpy + diy,, -dy, = 0 and Vs € I(x),
(j*s)* d = (j**'s)" du, (j*s)" dy, = 0. By means of these maps Tulczyjew defined in
[31] two coboundary operators d;, d,, acting on the algebra of differential forms over the
bundle J*°. Accordingly, we will drop the index k from our notation.

If Y is a vector field on E projectable on M, its jet-extension on J” will be denoted by
Y ™). We recall the following local expressions:

3 3 dy¢ axXv\ @
YO — xu_—"_ 4 ye e
X + + dxk P oxH

IxH ay“ ayﬁ’
3 d d
Y@ = xt— 4y'— 4y _—
oxH ays “ ays
d dv® _ ax° _,3x° , ¥*x° 3
Aok dxv  THo gy T Mo T Yo gamaxy ays,

3. Lagrangian dynamics and symmetries

Here and in the following three sections we restrict to first-order Lagrangians for which
it is simpler to give the notion of degenerate Lagrangian. Some remarks for an analogous
discussion in the case of higher-order Lagrangian are given in the last section. We will define
first-order Lagrangian system the pair (L, $2), where L : J —> R is a smooth function
(a Lagrangian) defined over the first jet-bundle of a fiber bundle (E, 7, M), and §2 is a
volume form on M. We will eventually use the same notation for the pullback of the form
RonJk k> 1.

Let us define

AL):J — V*UE, A(L)(e) = dygL(e) = dcLy,

where L, is the restriction of L to the fiber J, with 71 g(e) = y.

Upon use of the transposed of the isomorphism i, we can identify V* /g with V*E® ;T M,
and projecting down on the base E, we can think of A(L) asamap J — V*E Qg TM,
which in local coordinates is given by
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a
vy,

ML) (x*,y%, y5) — (x", ¥, aL ) . 3.0
Using the vertical projection v : TJ —> TE,v(§;) = Tmo§ — Tjs&, where
& =Tm & and s € j(x) and composing A(L) with the transposed map of v ® id, one
gets a vector-valued 1-form A(dL) on J along the projection m; in the sense of Frolicher-
Nijenhuis [7], and by inclusion with the totally horizontal m-form {2 one obtains
(see [25])

Leg, (2) = ia@n)R2

as a form in db(()""l). If in local coordinates one has 2 = dx® A --- A dx™, and one
defines

Qu = (O A AdE A Ad™,
where the hat denotes omission, then one can write that

aL
Leg, (£2) = —
o

dyy® A R2,.

Finally, one can express the Euler—Lagrange form E/ (£2) € ¢{"'+l'l) asE; (2) =d,L A
£2 +dy, (Leg, (£2)) and the Cartan form C (£2) € ®; as C1(£2) = Leg, (£2)+ L 2. Their
local expressions are

aL d 3L |, , aL .
EL(R) = [aya _d_x_uay;;]d”y AR,  CL®) = L.Q+ﬁduy A2,

For a Lagrangian system (L, §2), the action integral relative to the open and relatively
compact set U C M is the functional on the space I'y (;r) of sections of (E, m, M) defined
on a neighbourhood of the closure U by

Iy [s] = f(jS)* (L$2).
U

We will say that a bundle-isomorphism (g, g) of (E,m, M) is a symmetry of the La-
grangian system if it is such that for any U and any local section one has

Iyls] = Laylg-s-87"1

An infinitesimal symmetry is a complete vector field Y on E, which is projectable on a
vector field X on M, such that the one-parameter group of automorphisms (g;, £;) induced
by (Y, X) is a symmetry forany t e R. If s, = g -5 - g,", then one can say that for any
U and any section s € I'y (1)

fé,* (s)* (L) = f(js)* (LS2), Vs, Vt.
U

U
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This relation may be rewritten in the form

d d J
(E;)rzolg,w)[sr] =i//-<a)’=og, (js:)" (LS2)
d
= [Lx s am) + (a“) (Giso* (L)
t t=0
U

= fd(XJ (js* (L)) + (Y“) - js—Tjs- X)J (dL A £2)
%

= / d(X] (js* (L)) + j*s* (Y(Z)JdUL A 9) =0, (32
U

where Ly is the Lie derivative along X, and X |« is the inclusion of the vector field X and
the form a. Considering now the definition of E/ (£2), Eq. (3.2) becomes

0= /d(Xst* (LR2) +js*Y(])JLegL(.Q)) + js* (Y(Z)JEL(.Q)). (3.3)
U

If we consider the case in which s is a solution over U of the Euler—Lagrange equations,
then we obtain the vanishing of an exact form:

0= d(XJ (js* (L)) + js* (Y(”JLegL(sz)) — a) :

where a is an m-form on M. This is essentially the statement of the First Noether Theorem.

4. The Second Noether Theorem

The Second Noether Theorem is usually stated for Lagrangians which admit local symme-
tries: roughly speaking, the action integral is invariant under the action of a group (denoted
Goor) Whose parameters depend on r arbitrary functions and on their derivatives up to order
k. Groups of this kind have been studied; they have been given the structure of infinite-
dimensional Lie groups, and their algebras (the infinitesimal symmetries) are Lie algebras
of sections of suitable bundles (see [5]). We intend to formalize the described framework
considering only infinitesimal local symmetries, and disregarding the Lie-algebraic aspects.

Let (A, p, M) be a vector bundle of rank g; I"(p) and I" (t£) will stand respectively for
the Fréchét spaces of smooth sections of p, and of smooth vector fields on E. We will say
that a continuous linear operator P : I'(p) —> I'(zg) is local along  if Po,”-n(u) =0
when oy = 0. We will assume that the vector field Po is projectable on the field X, on
M, ¥o. Then one can show that its local expression is given by

i 9 a 3
Po (x,y) = ”ék DNoi(x) [exi(x)m + fNi(x’y)W]’
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where o (x) = o' (x)e;(x), with {e;} a local basis of I"(p). (For a proof, one can follow the

same line as in [6, p.289], taking into account the projectability on M.) We will say that P

is a differential operator along 7 of order k taking values in projectable vector fields on E.
Given P, one can easily define new operators as follows: for any s € I' (), let

Py : I'(p) — I (s*(TE)), Pio(x) = Po (s(x)).
We will also be interested in the jet-extended versions of these operators, namely
PO r(p) — T (js* @), PP = Pa)V,

An analogous definition holds for the second-jet extension 5(2).

The main hypothesis in order to establish the Second Noether Theorem is that Po is
an infinitesimal symmetry of the Lagrangian system, Yo € I'.(p), where I'.(p) stands for
the space of sections of (A, p, M) with compact support. We will say in this case that the
Lagrangian system has an infinitesimal local symmetry. From (3.3) we have that for any
section s € I'y (;r), and for any o € I';.(p) whose support lies in U, the following equation
holds:

0= f d(Xo1js* (L2 +PVoLeg, (D)) + PPoJEL(2) (1)
U

f PPo EL) (/%) @.1)

U

Consider now, for any s € I" (), the action of the transposed operator (see Appendix A)

P, r (jzs* (T*Jz) ® 7\T*M) — I (P* ® 7\T*M> :

where p* : A* — M is the dual bundle of p. Then Eq. (4.1) becomes, for any o € [.(r)
with supp(a) C U, and for any s € Iy ()

0= f(a P, g, (2) (jzs))

U
=:f(a, D(s)). “4.2)
U

In this equation we have also defined the non-linear differential operator, of order k + 2,
D:I'(w) — F(p*@AN"T*M),D(s) = 1p@ . E,; (£2)- j25, whose explicit form reads

oL d oL\, ., Ny
D(s) = Z (=N pN [((ay" - dx_“—a_yg) (fNi — ypepN,.)) (]2s)] € ® 90,

IN|<k

where {€'} is the local basis of I'(p*) dual to {¢;}, i = 1,....q.
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By (4.2), D vanishes on all local sections of (E, 7, M), i.e. one has the generalized
Bianchi identities

D(s) =0, Vsel(x). 4.3)
This can be considered as a formulation of the Second Noether Theorem.

Second Noether Theorem. Let P : I'(p) —> I'(tg) be an infinitesimal local symmetry
of the Lagrangian system (L, $2). Then the differential operator ‘D(s) vanishes on all
sections of I" ().

A more sophisticated version of the Second Noether Theorem arises if one requires
that the bundle (A, p, M) is a bundle of Lie algebras. In this case /"(p) naturally inherits a
similar algebraic structure, and P is required to be a morphism of Lie algebras. This implies
some closure properties on the local coefficients of P, but does not alter the generalized
Bianchi identities.

Now we want to consider the relation between local symmetries and non-regularity (or
degeneration) of the Lagrangian system. The notion of regularity arises from a choice
of the Hamiltonian formalism and is expressed by properties of a conveniently defined
Legendre transformation, which ensures the equivalence between the Lagrangian formalism
and the Hamiltonian one. In the various approaches to a “covariant” Hamiltonian formalism
(as opposed to a space—time split formalism), different phase-bundles are proposed in the
literature, whether carrying a “multisymplectic structure” (see e.g. [10,4,26]), or a vector-
valued symplectic form on each fiber [18,15]. However, at least for what concerns first-order
theories, the definitions of regularity proposed in these works amount to say that the map
A(L), defined in (3.1), which we will call for brevity covariant Legendre transformation,
is a submersion at each point of J.

As shown in [9], regularity implies that the Euler-Lagrange equations are equivalent to
the De Donder—Cartan equations, whose solutions are the sections p € I'yy(Jpr) satisfying

p*§1dCL(R2)) =0, YEel (Vin). (4.4)

A second “Hamiltonian approach” (and the most usual for Field Theorists) passes through
a decomposition of the space—time manifold into space- and time-component, the construc-
tion of a Lagrangian function on the tangent bundle of an infinite-dimensional manifold
T Q; after that one is in a position to “mimic” what is commonly done for a mechanical
system, where one can pass to the cotangent bundle T*Q by means of a suitably defined
Legendre transformation. Since the cotangent bundle of an infinite-dimensional manifold is
a problematic notion (unless Q is a Hilbert or Banach manifold), we will limit our consider-
ations to the Lagrangian framework only. “Regularity” here simply implies the equivalence
between the Euler-Lagrange equations and the equations of motion for the given Lagrangian
on T Q: see below Eq. (5.3) and also [23,1]. The relevance of this equation in the treatment
of Lagrangian constraints for a mechanical system is shown in [20] and [12,13].
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5. Degeneration in the instantaneous formalism

Let us interpret M as the space—time manifold. A “physical observer” can be represented
by a congruence of time-like lines, which define a local splitting of M. Such a splitting
can be performed in several ways (see e.g. [11]). Here, we assume the existence of a local
diffeomorphism ¢ : I x ¥ — U, where U is an open subset of M and [ is an open
interval of R containing 0. Let us identify ¢(0, X) with X for the sake of simplicity. It is
clear that in a relativistic framework X must be considered as a space-like surface, and the
local curves ¢(-,X) : I —> U, x € X, as time-like curves, or rather as the world-lines of
point-particles at rest in the frame of reference of the observer.

The tangent bundle T M splits over U: T,,M =~ T,1 & Tx X, where ¢(t,X) =m,m € U.
Let us define @ (m) = (d/dt),— ¢(1,x), with m = (1, X). Moreover, for the sake of
simplicity, we will identify M with U from now on.

The physically relevant situation is the one in which the values of the fields and their time
derivatives are “‘smoothly” given at all (space-) points of X', these values being interpreted
as the initial data for the dynamics. Thus, we must deal with sections over X, whose spatial
derivatives are implicitly assumed to be known.

With this splitting of the space-time manifold, we can “distinguish” between spatial and
temporal derivatives of the fields. This is formalized as follows. In the language of jet-
bundles, we define the sub-bundles J7, J° of J in the following way. For a given local
section s of (E, , M), let us denote, respectively, by Tins,;, Trms) 5 the restrictions of the
tangent map T,,s to 7,/ and T, X.

Definition. J7 is the disjoint union of the fibers (J7) _, where each fiber consists of the
following equivalence classes of local sections of (E, 7, M):

(s~ s’): if Trnsyr = T,,,sl/,.

In the same fashion, J< is the disjoint union of the fibers (/) _, where each fiber consists
of the following equivalence classes of local sections of (E, 7, M):

s .
(s~ s/)m if Tps|5 = TS|

Both JS and J7 are affine bundles over E, whose associated vector bundles are VE ®g
T*X and VE ®g T*I ~ V E respectively. J is isomorphic in a natural way to the direct
sum J7 @£ JS (the sum is a fiberwise sum of affine spaces): the jet bundle decomposes
into its space- and time-components. In a similar manner, the jet-extension operator j :
I'(r) — I'(m) decomposes as j = j7 @ j5.

Local coordinates on J7 and J¥ are given by, respectively,

(== ¥%98). (4. k=1....m

We are thus able to define the concept of “initial data” for the classical field theory: the set
of the initial data is a section of J7 |5, which means the restriction to X of the bundle J7.
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Once the initial data y is given, one can reconstruct a section $ of the “total” jet-bundle
J on X in the following way: let 7] be the projection of J7 onto E, and s = {(y);
then

p=y®j°s. (5.1)

Locally, one has

P(x) = (y”(x), Yo (), %,;y”(x)) :

Let us suppose that X' is compact: the spaces I (J&) and I (E | ;;) of the sections of the
restriction to X of the bundles (J7, 7, M) and (E, 7, M), respectively, become Fréchét
manifolds (see e.g. [22]). Moreover, the projection IT : I” (J&) — I'(Eiz) : v +—
s = NZ— o(y)isa projection of an affine bundle; indeed, the fiber /T -1 (s) is an affine space
consisting of the sections of the affine bundle §*J7 .

By various means it can be shown that I" (J|7):“) is isomorphic to the tangent bundle
TT (E|g), whose fiber T, I" (E, 5 ) is the space of sections of s*V E. For example, in [11],
this is achieved assuming the existence of a vector field { on E, projectable on M, and

always transversal to 7 ~!(X). Another way of doing this is by means of a connection
C:TM x E — TE, which can be used to lift on E the vector field @ on M. Then, given
asectiony € I’ (le,:-) the corresponding element in the tangent space 7, I" (E. ;;) is the
map X — s*VE : x+— Th§ - &(x) — C(P(x), §(x)), with § any local section belonging
to the class y (x). We will assume that this identification has been achieved. Elements of
TTI (Egx) will be denoted by y as well. We will denote by Q the configuration manifold
r (E [ ;;).

This identification is the key for writing the instantaneous dynamics. Let us define an
instantaneous Lagrangian on the space of initial data:

Ly :TQ— R.

Regarding 2 asamapJ — /‘\"' T*M along rr{, one can define the inclusion (@ | 2)(e) =
@ | (£2(e)) which gives an (m)-horizontal form (on J). Then we set

Lry) = /7*(L¢J9).
b

Now we can pursue an approach which parallels the formalism of classical point-particles.
Given a Lagrangian function on a tangent manifold T Q of a finite-dimensional manifold, one
can define intrinsically (i.e. without any reference to the symplectic cotangent structure) the
Lagrangian 1-form 6; = (3L/34°)dg? and the energy function E;, = (dL/3¢%)¢° — L,
and give the equations of motion

—X|do, = dEy, (5.2)



M.C. Abbati et al. / Journal of Geometry and Physics 17 (1995) 321-341 333

whose solution is the dynamical vector field X on T Q. It is well known that, in the case in
which d6; is a symplectic form, the solution of (5.2) is a second-order vector field whose
integral curves are solutions of the Euler-Lagrange equations. Then one can say that in this
case L is regular if d§; is non-degenerate (see e.g. [21]).

In the case of Ly on T Q, the Lagrangian 1-form is given by

@5 :T(TQ) — R,  Oz(X,) =f)‘/* (X,1CL(2).
r

where X, — a tangent vector in y — can be considered as amap X, : ¥ — p*(VJg). If
we write locally, adopting a rather non-standard but useful notation so that 3/9y ¢ (respec-
tively: 3/3yg, dy?, dyy ) means “the local field 3/9y*(3/dyg, dy?, dyg) evaluated along
the section y”,

) )
X, (x) = X2(0)— + X& () —,
y (%) V(x)aya + OV(X)ay(;l

then we can write

oL
Ox (Xy) = f(g;a)AX“f?o.
z 07y

where the subscript # means the composition of the function within parentheses with the
section. We will write

oL
Oz (y) = f(a a) dy? ® £2.
g 207

Then, one can define the energy function. Let us consider the total Legendre transfor-
mation Leg; (£2) as an application J — V*E ®,; A™ T*M. Then, as previously, let us
define

(P]Leg, (2)) (e) = @] (Leg, (2)(e)) .

We can define

Ex(y) = —f?* (P] (Leg,(2) + L£2)) =ff*(¢JCL(9)).

z xz
Locally,
oL
Ex(y) = f}"’*( 20 -L)-Qo-
9y,
z
Let us define 2y = —d@yx. For the Lagrangian function L5, the equation of motion is

X925 —dEg = 0. (5.3)
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We will say that the Lagrangian is regular provided that £2 5 is a non-degenerate two-form.
We remark that in this case, at least enlarging the infinite-dimensional manifold Q we are
considering, so that it can be structured as a Banach manifold, the field X is a second-order
equation, and we are granted that for any initial condition there is a solution for it, and its
integral curves are solutions of the Euler-Lagrange equations for Ly (see [1]).

Now let us come to the question of degeneration of the instantaneous formalism in relation
to the presence of local symmetries. The degeneration of §25 depends, roughly speaking,
on the degeneration of 32L/ 8y3 dyg. Indeed, let X, ¥, € T, (T Q). Then X, belongs to
ker 25 aty if 25 (X,.Y,) = 0, VY,. Since locally,

3L b b 3L )& ax®
25 (Xy,Y,) =/ W(an - Y°X )+a_55_a el Gy
7\ Y9

3L b b
+—= (x1¢ ~ v°x}) | 92,
3y09y0 ?

the arbitrariness of Y., leads to

9’L
( ; ) X°(x) =0,
%%/ 5

3L 3L 3L X0
aybdyy  aysays  ax*ayfayl 00

( 3L ) ax"() ( 3L ) X0 = 0
— x)—{ ——— = ().

b k b 0
%0/ 5z 0% 9%9% / 5z

From this one can easily see that defining O to be the set

9L
O = {x € M such that det e =03z,
955970 70

then §2y is non-degenerate in y if and only if the measure of O is zero. We remark that the
condition that the determinant of (32L/3y2dy§) be different from zero on J would give
the equivalence between Euler-Lagrange and De Donder—Cartan equations for spatially
holonomic sections, i.e.

P EICL(82) =0, VEeI(Viy),

where y € I" (7).

Let us suppose now that (L, §2) possesses an infinitesimal local symmetry. Then Eq. (4.3)
holds, so the symbol of D must be identically zero. D is non-linear, so we must consider
its linearization (see Appendix A); writing down the coordinate expression for the symbol
of the operator D we can immediately deduce that its vanishing implies the degeneration
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of the temporal Hessian 92L/ ayg dyg of the Lagrangian. Indeed, the symbol of D at s is a
map

S, s):T*M — s*(VE) ® (D(s))* (VA* ® /\ T*M) , 54

whose explicit form is

S, s)-apdx”

a2L :
= Y oMBY () (—,,) 4y ® (< ®2), (5.5)
wv.IN|=k Wudyy )
where
b b as® 0
By, (s(x)) = fy; (s(x)) — mem(ﬂ-

Now we have a way of “selecting” the partial Hessian matrix %L/ 8yg dyg by means of the
1-form in 7* M it is enough to restrict to 77* /, and still the symbol must vanish:

0=8(D, s)~aodx0
2

. ——— | (is(x)dyy* ® (€ ® 2), Vao.
aygayg) ( )

This implies that the vector B?o,...,O)i (s(x)) lies in the kernel of the reduced Hessian matrix,
and hence, for sufficiently general symmetries, we have degeneration of the 2-form 25.

6. Degeneration in the covariant formalism

Regarding the degeneration in the covariant formalism — which is linked to the surjectivity
of A(L) as was already pointed out — let us observe that the tangent map of A(L) reads in
local coordinates

1, 0 0
0 1. 0
%L

a’L 92L
dxkayd dybays dybays

In general, there is no relation between degeneration in the instantaneous formalism and
degeneration in the covariant one. In any case, let us work out conditions enabling us to
say that a Lagrangian system with an infinitesimal local symmetry P is degenerate. Using
(3.2) one can easily see that a vertical field £ on E is a symmetry of (L, £2) if and only
if Lyay L2 = da, where « is a totally horizontal m-form. We will say that P defines a
vertical infinitesimal local symmetry if for every o € I'(p) the field Po is vertical and
Lyawy,L = 0.
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We remark that the case of Lagrangians with vertical infinitesimal local symmetries
includes the relevant cases of the electromagnetic field and, more generally, of the Yang—
Mills fields.

We can prove the following statement.

Theorem. Let P define a vertical infinitesimal local symmetry for (L, §2). Then the La-
grangian system is degenerate.

Proof. From Ly, L = 0,Va € I'(p) one has
dleL»p(l)aL =0, Voel(p).
In local coordinates the previous identity reads

L, 9%L d§“+3L8§" &P
S \abaye”  aypaypdxk T ayiayt )

where locally we have set
Po = £%93/3y°.

Then for any section s € I'(E) the following linear differential operator O; has to vanish:
O; : I'(p) — I'(js*(V*JE)),  Os = (dyzLpnsL) (js)

and the same must happen to its symbol:
S(Os) : T*M — (A* ®m js* (V*JE)).

Locally, this is given by

aZL .
SO @drt) = Y aw(m )dﬂmga
Jjs

byya
a,b.i,v.q5.IN|=k Ay 9y

Then, for the arbitrariness of s one has

a’L
Ntwga }_——_ =0, Vb,v,i
z(z a f) oL =0 W

m.a \|N|=k

and this clearly shows the non-regularity of the Lagrangian system. |

Hence we can conclude that if a Lagrangian system has vertical infinitesimal local sym-
metries, then it is degenerate both in the covariant and the instantaneous formalism.

However, we may ask whether this is a complete characterization of the link between
vertical local symmetries and degeneration of covariant systems. Indeed, the following
counterexample shows that we can have a Lagrangian system which is degenerate both in
the covariant framework and in the instantaneous one, but which does not seem to admit a
vertical local symmetry.
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Consider the Proca Lagrangian (the Lagrangian of the electromagnetic field with a “mas-
sive photon”: A is a 1-form on R*, and F = dA)

Ly = —Fu, F* + Im?A, A",

We can consider L, as being defined locally on the trivial vector bundle R* x R* — R*. It
is straightforward to see that L, is degenerate both in the covariant and in the instantaneous
framework (since the only part of it which contributes to the Hessian is the “free-field” part).
Furthermore, it is known [8] that the constraints algorithm yields two second-class ones
for L,,. Then we argue that L,, does not admit any vertical infinitesimal local symmetry
(as one might already guess by observing that L,, is the gauge-fixed Lagrangian of the
electromagnetic field). We wish to state this in a more rigorous manner.

Suppose E = R* x R*, M c R*, and that L : J —> R admits such a symmetry, and let
us denote it as usual with PMo . Suppose 7 x £ C R x R3, with 7 a finite interval and ¥
a compact (spacelike) submanifold. We can identify smooth maps s : / x £ — R* with
smooth curves of sections ¢t —> s, in @ = C°°(X, E) (see [22]). Then we see that

0= / js* (’P(l)aJdL).Q

IxZ
|N|<kfdt/90( DNa' @, X)) i (t x, s%(t, x))
* ;)YIZ;L axg; ((DNai @, x)) fui (t’ x,s°(, x))))

- f dt X(0)JdL s Gr)

1

where Ly is defined in the usual way on TQ = C®(X, E) x C*(X, E),and X(¢) is a
time-dependent vector field on T Q defined by

X(@)(,¢): XY — EXE,

. 9
X@®)(c.0)(x) = Z (DNO' (%) fi; (t. %, ¢ (x)) 3ca

IN|<k

dx

Furthermore, X (¢t)|dLx (5;) = (dF/dt)s,. The relations between local symmetries and
constraints is developed in the instantaneous formalism often disregarding the problem
of infinite dimensionality. In this context, the analysis of the equivalence between gauge
transformations (i.e. symmetries depending upon arbitrary functions of time) and first-class

+((F0re e x>) i %, 0)
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constraints dates back to Dirac’s works in a Hamiltonian setting. More recently, it has been
pointed out that not all Lagrangian gauge symmetries are projectable on Hamiltonian gauge
symmetries (see [20,14]). It is easy to see that in our case X (¢) is the lift to 7 Q of the vector
field £ on Q,

t = DVoi (t,x) f3. (1, %, ¢ 2
EN©X) INEI_; o' (1, %) fiy; (4%, ¢ (%)) 5
This remark implies that X (¢) is a projectable local symmetry for L£x. We can thus apply
the results of [2], which show that such a Lagrangian must generate (primary) first-class
constraints.

So we conclude that, in the framework we have outlined, there exist Lagrangians which
are degenerate both at the covariant and at the instantaneous level, but which do not admit
vertical infinitesimal local symmetries.

We must point out that the Lagrangian L,, is indeed the prototype of a general category
of Lagrangians: every time one “fixes the gauge”, the first-class constraints are automati-
cally turned into second-class ones. Finally, we remark that a slightly different concept of
“symmetry” might lead to an “extended Second Noether Theorem” (see [19]), and this in
turn might alter the conclusions we have drawn.

7. The case of higher-order Lagrangians

In the last sections we showed how degeneration can appear in the instantaneous and
in the covariant formalism in the case of first-order Lagrangians which possess a local
symrmetry.

Here we sketch how these considerations can be adapted to the case of higher-order
Lagrangians with local symmetries. However, in that case the transition to the instantaneous
and to the covariant formalism is a more problematic notion. We refer to the two papers
[10,11] for an extensive account on this topic. The main problem in the treatment of a
higher-order Lagrangian L : J' —> R is that, for m > 0 and / > 2, many differential
forms C(82) - called Cartan forms — arise on J 2-1 which can play the role of the form
defined in Section 3 for the first-order case. They are (m + 1)-forms on J %! satisfying the
following relations:

CL(2) —n3_1, (L) (Xo,...,Xm) =0, whenXo,...,Xm € Ha_i,
(XJdCL(Q)) (Y09 RS Ym) = 09 VX € v2l—l’ VYO’ R ] Ym € H2l—l’

X|CL(2) =0, VXe VJIZ;,i,l,

X|YJCL(2)=0, VX,YeVJi "

The set of solutions of the first-order equation analogous to the De Donder—Cartan equation
(4.4) contains the solutions of the Euler-Lagrange equation, but even in the best situation a
solution p of the De Donder—Cartan equation, which is a section of J 2-1 isin general not
holonomic, but only projects down to a holonomic section of J'. However, it is possible to
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show that the transition to the instantaneous formalism is not ambiguous. Indeed, once that
the space+time decomposition is performed, one can define on the manifold of initial data
IIc 1)2:’—l (defined in a way analogous to the first-order case), the Lagrange 1-form © 5
and the energy function £x as in Section 5. These objects do not depend on the particular
choice of the Cartan form and lead to a well-defined equation of motion analogous to (5.3)
(see [11}]).

If one defines a local symmetry, in the case of higher-order Lagrangians, simply extending
the definition of Section 2 to the /th-order, one still obtains “Bianchi identities” of the form

0="D(s) ="P¥ . EL (2)(j¥s), Vse '(E),

and using the space+time splitting to select the temporal coordinates, one obtains the de-
generation of the “temporal Hessian” 3%L/ aygla ygl (here 0; means a [-multi-index made
up of zeros). This implies the degeneration of the two-form 2y = —d® g which appears
in the equation of motion (5.3). Indeed, choosing a vector

3L
€T, JE, with X*

Xy = X4(y) =
ayéz?.l—] ayg{ay(‘;[

itis easy to see that X, belongs to the kernel of §2 5, since using the local expression given
in [11] one sees that for any tangent vector Y,,

25 (Xy. Yy) = /

x

oL dyg  Adye(X,,Y,) =0.
aygl y(‘;, Oy-1

On the other hand, the transition to the covariant Hamiltonian formalism depends on
the choice of the Cartan form; each of these forms generate a different covariant Legen-
dre transformation, and one has the best situation between the Euler—Lagrange and the De
Donder—Cartan equations if the corresponding Legendre transformation has maximal rank
at each point. This notion of regularity depends on the choice of the Cartan form unless one
restricts to the Poincaré—-Cartan forms (as shown in [10]), or otherwise one can make a par-
ticular choice of C,(£2) as in [27]. In all these cases the condition det (8*L/3y5,3y%) = 0
implies the non-regularity of the Lagrangian (M and N are multi-indices of rank /). If a La-
grangian system has a vertical infinitesimal local symmetry, i.e. Lo, L = 0, Yo, then one
can show along the same lines of Section 6 that this condition is satisfied. The only change
needed is that one must evaluate the symbol of the differential operator d !|I.I[" LowgL,

whered,;  means the vertical derivative on the affine bundle J t_, it
-1

Appendix A. Differential operators

Let (F;, pi, M), i = 1,2 be ordinary fiber bundles. A differential operator of order |
isamap O : I'(p1) — I'(py) given by O(s) = O, j's for s € I'(p;), where O :
J’(Fl) —> F; is a smooth bundle morphism. If (F;, pi, M), i = 1,2 are vector bundles
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and O is a vector bundle morphism, then O is said to be a linear differential operator.
If I'(p;), i = 1,2 are given the structure of Fréchét spaces as in [6], differential linear
operators are identified with continuous local linear maps from I"(p;) to I"'(p2) (where
“local” means that for every section s such that s(x) = 0,¥x € U, U C M open, then
O(@s(x)) = 0,Vx € U).

Given a linear differential operator O : I (p;) — I'(p2), one can define the transposed
operator 'O as follows (cf. [9]): it is the only linear differential operator 'O : I'( P ®
A" T*M) — I'(p} ® A" T*M) such that V¢ € I'(p5 ® \" T*M)

/(fl,to(d’Z)) = /(O(fl),tﬁz), Vf1 € I.(p1).

M M

Let O be a linear differential operator. Leta € T*M,a € Fi,;let f : M — Rbe such
that f(x) = 0 and d, f = «; let further s € I'(p1), s(x) = a. Then the symbol of O is the
homomorphism

S:T'M — Ff®F, SO)@) - a= (’)(ll'f’s) x) = ll'o(j’f’s(x)).

If (F;, pi, M), i = 1,2 are general fiber bundles, one can give to I"(p;) the structure
of an infinite-dimensional manifold, as in [22], whose tangent space T;I"(p;) in s is the
space I, (s*V F;) of the sections of the vertical bundle V F; “covering s” and with compact
support, i.e. sections v : M —> V F; such that zg, - v = 5.

A differential operator results in a differential map from I"(p;) to I"(p2) whose tangent
map ats is T,0 : I.(s*VF)) — [, (Os*VF):v+— VO - j'v,where VO : VF| —
V F, is the restriction of the tangent map 7O to the vertical bundles. Thus, for every
s € I'(p1), a linear differential operator A(O); : I'(s*V F1) — I'(Os*V F3,) is given by
extension. We define the symbol S(O, s) of the non-linear operator O at s as the symbol
of A(O);. If O is given locally by the maps f; (x,s'(x), DVs'(x)), i=1,...,r, j=
1, ..., ry, where r; is the dimension of the fiber of p;, then

af;
SO, 5);i -y = E al =% (s"(x), DVs"(x)),
’ Wiz oy ( )

where a, € T*M and af = (o:,‘)}lVI - (oty ),1:"'. For the definition of the symbol for linear
and non-linear operators, and also for its globalization, see [24].

References

[1] J.E. Abraham and X. Marsden, Manifolds, Tensor Analysis and Applications (Addison-Wesley, Reading,
MA, 1987).

[2] C. Batlle, J. Gomis, X. Gracia and J.M. Pons, Noether’s theorem and gauge transformations: Application
to the bosonic string and C Pz”_1 model, J. Math. Phys. 30 (1989) 1345-1350.

[3] E. Binz, J. Sniatycki and H. Fischer, Geometry of Classical Fields (North-Holland, Amsterdam, 1988).

{4] J.F. Carifiena, M. Crampin and L.A. Ibort, On the multisymplectic formalism for first order field theories,
Diff. Geom. Appl. 1 (1991) 345-374.



M.C. Abbati et al. / Journal of Geometry and Physics 17 (1995) 321-341 341

{5} R. Cirelli, M.C. Abbati and A. Manid, in: Stochastic Processes, Physics and Geometry (Ascona, 1990),
eds. Albeverio et al. (World Scientific, Singapore, 1990).
[6] J.A. Dieudonné, Eléments d’analyse, Vol. 3 (Gauthiers-Villars, Paris, 1970).
[7]1 A. Frolicher and A. Nijenhuis, Theory of vector-valued differential forms. Part I. Derivation in the
graded ring of differential forms, Indag. Math. 18 (1956) 338-359.
[8] D.M. Gitman and L.V. Tyutin, Quantization of Fields with Constraints (Springer, Berlin, 1990).
[9] H. Goldschmidt and S. Sternberg, The Hamilton—Cartan formalism in the calculus of variations, Ann.
Inst. Four. 23 (1973) 203.
[10] M.J. Gotay, in: Mechanics, Analysis and Geometry: 200 Years after Lagrange, ed. M. Francaviglia
(Elsevier, Amsterdam, 1991).
[11] M.J. Gotay, A multisymplectic framework for classical field theory and the calculus of variations. II:
Space + time decomposition, Diff. Geom. Appl. 1 (1991) 375.
[12] M.J. Gotay and J.M. Nester, Presymplectic Lagrangian systems I, Ann. Inst. H. Poincaré Sect. A XXX
(1979) 129-142.
[13] M.J. Gotay and J.M. Nester, Presymplectic Lagrangian systems 11, Ann. Inst. H. Poincaré Sect. A XXXII
(1980) 1-12.
[14] X. Gracia and J.M. Pons, A Hamiltonian approach to Lagrangian Noether transformations, J. Phys. A
25 (1992) 6357-6369.
[15] C. Giinther, The polysimplectic Hamiltonian formalism in field theory and calculus of variations. I: The
local case, J. Diff. Geom. 25 (1987) 23.
[16] J. Komorowski, A modemn version of the E. Noether’s theorem in the calculus of variations, 1 and 11,
Studia Math. T. XXIX (1968) 261-273; T. XXXII (1969) 181-190.
[17] N.P. Konopléva and V.N. Popov, Gauge Fields (Harwood Publishers, New York, 1981).
[18] J. Kijowski and W.M. Tulczyjew, A Symplectic Framework for Field Theories, Lecture Notes in Physics,
Vol. 107 (Springer, Berlin, 1979).
[19] L. Lusanna, The second Noether theorem as the basis of the theory of singular Lagrangians and
Hamiltonian constraints, Riv. Nuovo Cim. 14 (1991) 1-75.
[20] G. Marmo, N. Mukunda and J. Samuel, Dynamics and symmetry for constrained systems: A geometrical
analysis, Riv. Nuovo Cim. 6 (1983) 1-62.
[21] G.Marmo, E.J. Saletan, A. Simoni and B. Vitale, Dynamical Systems. A Differential Geometric Approach
to Symmetry and Reduction (Wiley, New York, 1985).
[22] P.W. Michor, Manifolds of Differentiable Mappings (Shiva, Cambridge, MA, 1980).
[23] G. Morandi, C. Ferrario, G. Lo Vecchio, G. Marmo and C. Rubano, The inverse problem in the calculus
of variations and the geometry of the tangent bundle, Phys. Rep. 188 (1990) 147-284.
[24] R.S. Palais, Foundations of Global Non-Linear Analysis (W.A. Benjamin, New York, 1968).
{25] D.J. Saunders, The Geometry of Jet Bundles (Cambridge University Press, Cambridge, 1989).
[26] D.J. Saunders, A note on Legendre transformations, Diff. Geom. Appl. 1 (1991) 109.
[27] W.F. Shadwick, The Hamiltonian formulation of regular rth-order Lagrangian field theories, Lett. Math.
Phys. 6 (1982) 409416.
[28] K. Sundermeyer, Constrained Dynamics, Lecture Notes in Physics, Vol.169 (Springer, Berlin, 1982).
[29] F. Takens, in: Geometry and Topology, eds. J. Palis and M.D. Carmo, Lecture Notes in Mathematics,
Vol. 597 (Springer, Berlin, 1976).
{30} A. Trautman, in: Studies in Relativity, ed. L. O’Raifertaigh (Clarendon Press, Oxford, 1971).
[31] W.M. Tulczyjew, in: Differential Geometrical Methods in Mathematical Physics, Lecture Notes in
Mathematics, Vol. 836 (Springer, Berlin, 1980).



